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Abstract. We prove that the Lempert function of the symmetrized 
polydisc in dimension greater than two is not a distance. 



1. Introduction 

A consequence of the fundamental Lempert theorem (see ^Hj) is the 
fact that the Caratheodory distance and the Lempert function coincide 
on any domain DcC" with the following property (*) (cf. [7j): 
(*) D can be exhausted by domains biholomorphic to convex domains. 

For more than 20 years it was an open question whether the converse 
of the above result is true in the reasonable class of domains (e.g. in 
the class of bounded pseudoconvex domains). In other words, does the 
equality between the Caratheodory distance and the Lempert function 
of a bounded pseudoconvex domain D imply that D has the property 

(*)■ 

The only counterexample so far, the so-called symmetrized bidisc 
G2, was recently discovered and discussed in a series of papers (see j2], 
[3], P and P3, see also [7]). 

What remained open is the following natural question (see [7]): 

Do Caratheodory distance and Lempert function coincide on the sym- 
metrized polydisc G n for any dimension n > 3 ? 

The aim of the present paper is to give a negative answer to the 
above question proving that the Lempert function of G n (n > 3) is not 
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a distance. This implies that G n (n > 3) does not have property (*) 
(for a direct proof of this fact see [TTj). 

Moreover, we show that for any dimension greater than two there 
are bounded pseudoconvex domains not satisfying (*) and for which 
the Caratheodory distance and the Lempert function are equal. 

2. Background and results 

Let D be the unit disc in C. Let a n = (cr n ,i, . . . , u n ,n) '■ C n — > C™ be 
defined as follows: 

<r n ,k(zii ■■■,z n ) = ^ z fr-'Zjv l<k<n. 

l<ii<— <jk<n 

The domain G n = a n (1D) n ) is called the symmetrized n-disc. 

Recall now the definitions of the Caratheodory pseudodistance, the 
Caratheodory- Reiffen pseudometric, the Lempert function and the Ko- 
bayashi-Royden pseudometric of a domain D C C n (cf. |Zj): 

c D (z,w) = supjtanh- 1 \f(w)\ : / G 0(D, D), f(z) = 0}, 
lD (z;X) =snp{\ f\z)X\ : / G O(D,B),f(z) = 0}, 

k D (z, w) = inf{tanh _1 \a\ : 3(p G 0(B, D) : tp(0) = z, <p(a) = w}, 
k d (z; X) = inf{a > : 3tp G 0(D, D) : <p(Q) = z, acp'{0) = X}, 

where z,w G D, X G C n . The Kobayashi pseudodistance ko (respec- 
tively, the Kobayashi-Buseman pseudometric hp) is the largest pseu- 
dodistance (respectively, pseudonorm) which does not exceed k D (re- 
spectively, Kd). 

It is well-know that cd < ko < &d, < &d < and 

7D (.;X) = c hm o (cf. 0), 

and if .D is taut, then 

M2;A0 . c ta o M£^) (seera) . 

Repeat that for m G N, 
k^\z,w) : = inf{y^ k D (zj-i,Zj) : z = z ,Zi, • • ■ ,Zm-i,*m = w G -D}. 

Note that fc^ = k^ > k^ ">..., kjj = lim fc^ , and, if -D is taut, 
then 

(1) M*;*) = I™ fcD(Z,Z + tX) (see El). 
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For m G N, consider the infinitesimal version of k^ 1 , namely 



(m) , 



i=i 3=1 



Then 



(1) ^ (2) . (2n-l) v. (2n) 



(for last equality see 9J). We also point out that obvious modifications 
in the proof of (1) in |Hj show that if D is taut, then 



7 ( m ) I \ \ m ) I \ 

Hm k K D , (u,v)-K y D '(z;u-v) = Q 



u,v—>z, uj^v \\u — V\ I 

uniformly in m and locally uniformly in z; thus, 

Kn (z:X = hm — 

uniformly in m and locally uniformly in z and X. 

Note that G n is a hyperconvex domain (see [U]) and, therefore, a taut 
domain. (Thus, all the introduced invariant functions are continuous 
(in both variables) for D = G n .) Even more, G n is CG n -finitely compact 
(see Corollary 3.2 in jlj). 

In the proof of our main result (Theorem 1) we shall need some 
mappings defined on G„. 

For A G D, n > 2 one may define the rational mapping 

p ny \ : C n 3 z = (z h . . . , z n ) h-> (Si (A), . . . , z„_i(A)) = 5(A) G Cf , 
where %(A) = ( w ~ ^ + A + ^i+i x < • < „ _ L Then z e q 

if and only if z(X) G G n _i for any A G D (see Corollary 3.4 in 0]). 
We may also define for Ai, . . . , A n _i G D the rational function 

Observe that 



/a(z) := h,...,x( z ) 



By Theorem 3.2 in [4 , z G G n if and only if sup |/a(z)| < 1- In fact, 

AeS 

by Theorem 3.5 in jlj, if z G G n , then the last supremum is equal to 
sup _|/a 1 ,...,a„_ 1 (^)|- 

Ai,...,A„_ieD 
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It follows that 

CG n (z,w) >p Gn (z,w) := max \p (fx 1 ,...,x n . 1 (z), fx 1 ,...,x n _ l (w))\, 

Ai,...,A n _ieJi 

where T = <9D and p® is the Poincare distance; in particular, 
7G?l (0;X) > lim / G " ( °; tX) = max \f x (X)\ =: p n (X), 

where 

fx(X) = ^ =lJ 3 . 

n 

Let ei, . . . , e n be the standard basis of C n and L^i = {X £ C n : X = 
X^ek + Xiei}, 1 < k < I < n. Observe that if X £ L^ i, then 

fv . fcpC fc |+Z|X,| 
n 

For n = 2 one has that K Ga = c<g 2 = Pg 2 (see [TJ On the other 
hand, we have the following. 

Theorem 1. Let n > 3. 

(a) If k divides n, then «G n (0; e fc) — Pn( e k)- Therefore, if I also di- 

(2) 

vides n, then k g ^(0; X) = p n \X) for any X £ Lkj. 

(b) If k does not divide n, then k Gn (0;ek) > p n {^k)- 

(c) IfXe L hn \ {L 1A UL ntn ), then K Gn (0;X) > p n (X). 

In particular, k Gn (0, •) ^ Pg„(0, k Gn (0, •) ^ kj?> n (0, •), and G n does 
not have property (*). 

Remarks, (i) We already know that for n > 3 at least one of the 
identities k Gn (0,-) = 7g„(0, •) and 7c n (0, •) = p n does not hold and, 
therefore, the same applies to the identities k Gn (0,-) = c Gn (0, •) and 
C G„(0, •) = Pg„(0, •). It will be interesting to know if however some 
of them hold and whether c Gn (0, •) = c Gn (0, •) (c Gn denotes the inner 
Caratheodory distance of G n ). 

(ii) Observe that G2 n i r = Gb- Then, in contrast to (c), for z,w £ 
Ln.2n one has that 

Pg 2u (z, w) < k G2n (z, w) < k G2 (z, w) = p G2 (z, w) < p G2n (z, w) 

and therefore k G2n (z, w) = PG 2n {z, w). 

In spite of Theorem 1, for any n > 3 there are bounded pseudoconvex 
domains DcC" which do not have the property (*) but nevertheless 
c D = k D . 
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Theorem 2. Let G C C m be a balanced domain (that is, \z G G for 
any A G O and any z G G). Then D = G 2 x G does not fulfill the 
property (*). 

On the other hand, if, in addition, G is convex (for example, G is 
the unit polydisc or the unit ball), then cd = &d- 

3. Proofs 

Proof of Theorem 1. (a) We shall prove even more, namely, that 
K(G n (0; e k ) = Pn(efe) if and only if k divides n. 

Assume that n& n (0; e k ) = p n ( e k)- Since G n is a taut domain, there ex- 
ists an extremal mapping for k g „{0; e k ), that is, a holomorphic mapping 
ip : D -> G n with <£>(z) = (2</?i(z), . . . ,z<£> n (z)), y3 fe (0) = l/p n (e k ) = n/k 
and ^-(ej) = for 1 < j < n, j ^ fc. Observe that f x oip e £>(©,©) 
and / A o (^(0) = for any A G D. It follows by the maximum principle 
that g x G 0(D,D), where 

= , — - 



n + J2 j= i( n - j) z( Pj( z )X 

Since g\(0) = A fc_1 , the maximum principle implies that g x = A fe_1 , 
that is 

n n—l 

J^jfjiz)^' 1 = nX*- 1 + zJ2( n ~ j)(Pj(z)X k+i ~ 1 , A G D, z G D. 
i=i j=i 

Comparing the respective coefficients of these two polynomials of A, we 

n 

get that (p k = -, tp 1 = • • • = v? fc _i = v? n+ i_ fc = • • • = y? n -i = and 

+ j)<Pk+j{z) = (n-j)z<pj(z), 1 < j < n - k. 
These relations imply that <pj = if k does not divide j, and <pj = 
'/A; J z ^ ^ divides ^ ^ does not divide n, then n—k < k[n/ k] < 

n and hence (p k [ n / k ] = 0, a contradiction. Conversely, if k divides n, 
then put if = (<pi, . . . , <f n ), where <pj = if k does not divide j and 

<fij(z) = (^y^j Z ^ k ^ k divides j. It follows from the proof above that </? 

sends D into G n , and, up to a rotation, it is the only extremal mapping 
for K, Gn (0;e k ) = p(e k ). 

To see that if k and I divide n, then Kq^(0;X) = p n (X) for any 
X G L kjl , it is enough to observe that 

Pn(X) < ^1(0; X) < K Gn (0;X k e k ) + K Gn (0;X iei ) 
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= p n (X k e k ) + p n (Xiei) = p n {X). 

(b) Denote by J, J, and K the indicatrices of p n , k Gn (0;-), and 
kg„(0; •), respectively (7 = {X G C n : p n (X) < 1} and etc.). Note that 
if X G J is an extreme point of /, then X is an extreme point of J and 
therefore X £ K. Thus, (b) follows by the inequality fto n (0; nek/k) > 1 
and the fact that nek/k is an extreme point of /. In fact, to see the 
last claim observe that if < a < 1, p n (X) = p n (Y) = 1, ne k /k = 
aX + (l- a)Y and A G T, then 

1 = ^fxineu/k) < a\f x {X)\ + (1 - a)\f x (Y)\ 

<ap n (X) + (l-a)p n (Y) = l. 

Hence, f x {X) = f x (Y) = A^ 1 for any A G T, that is, X = Y = ne k /k. 

(c) First, note that if A G T, then the mapping (z±, z 2 , ■ ■ ■ , z n ) — > 
(Xzi, \ 2 z 2 , . . . , \ n z n ) is an automorphism of G n and 

K Gn (0;\X) = K Gn (0;X). 

Applying these facts, we may assume that Xi,X n > 0. 
Since 



^g„(0;X) > « Gn _ 1 (p n , 1 (0); P ; il (0)(X)) 



n — 1 

0; Xiei 



X„,e 



it follows by induction on n that /tc n (0;X) > kq 3 (0;Y), where Y = 
3X 

ei + X n e 3 . Assume that k g (0; X) = p n (X). Then 

n 

P„W>«G 3 (0;^)>P3(^)=PnW 

and hence kg 3 (0; ^) = P3<X)- Now, taking an extremal mapping <p(z) = 
(zipi(z), zip2(z), zip n (z)) for kg 3 (0; Y), with the same notations as in the 
proof of (a), we obtain that g x G C(D,D), A G T. Since g ±1 (0) = 1, 
then g±i = 1, that is 

V?i(z) ± 2</? 2 (z) + 3<£> 3 (,z) = 3 ± 2z(p 1 (z) + ^</? 2 (^)- 

Thus, 

z 2 -l 



(f 2 (z) = zipi(z) and ip s (z) = 1 + 



-¥>i(z). 



Set ^ = (pi(z)/3. Then # A G C(D,D) means that 
^(z) + 2\zi>(z) + A 2 (l + (z 2 - l)i/>(z)) 



1 + 2A*^(z) + \ 2 z 2 iIj(z) 
^(z){l + \z) 2 + \ 2 {l-^(z)) 



< 1 



i/j(z)(l + \z) 2 + I - ^(z) 



< 1 
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Re(V(*)(l - + *) - (1 + A^) )) < 0. 

If A = a; + z?/, -2 = iw, w E R, a = Re( , 0(^)) — IV'I- 2 )! 2 ,^ = I m (V ; (- 2: ))) 
then 

y(a(2u; - y(V + 1)) + bx(l - w 2 )) < 0, V x 2 + y 2 = 1. 

Setting x = implies that a > 0. Letting ?/ — > + gives —2aw > 
(1 — u» 2 )|6|. Hence a = 6 = 0ifw>0. Then the identity principle 
implies that either ip = or ip = 1. Thus, either Xi = or X n = 
which a contradiction. □ 



Proof of Theorem 2. The second part follows by the equalities cq 2 = 
k G2 and Cq = kc, and the product property of Cp and k D : cp = 
max{cG 2 ,cc} and ko = max{kQ 2 , kc} (cf. [Zj). 

The proof of the first part the proof in that G 2 does not have 
property (*). For convenience of the reader, we include it. 

Let hi(zi + z 2) Z\Z 2 ) = max{|zi|, I22I}, h 2 (z) = inf{t > : z/t E G} 
(the Minkowski function of G), h = max{/i 1; h 2 } and 

ir\(zi, . . . , z m+2 ) = (Xzi, X 2 z 2 , Xz 3 , . . . , Xz m+2 ), X E C. 

Note that h(n x {z) = \X\h{z) and D = {z E C m+2 : h(z) < 1}. 

Assume now that D fulfills the property (*). Take two points a,b E 
G 2 x {0} C D. We may find an s > and a domain D £ C {h < 1 — e} 
which is biholomorphic to a convex domain D £ and such that Xa, Xb E 
D e for A E D. Let ip e : D e ^ D e be the corresponding biholomorphic 
mapping. We may assume that y? e (0) = and <p' e {0) = id. Note that 

ft(A) = ( "■''>W) + "'''*( > » ) , 

is a holomorphic mapping from a neighborhood of © into D. We have 
0.(0) = 0, g' £>1 (0) = ^±^, (0) = 0, . . . , < m+2 (0) = 



and g' 2 (0) = a 2 + 62 + -r(«i - M 2 , where c £ = - £ ' (0). 

4 

Thus, the mapping / e (A) = n\/\ o <7 £ (A) can be extended at as 

/ . ( o) = C*±^,*±^ + ^_ w . ,...,o 



Since L> is assumed to satisfy the property (*), it should be pseudo- 
convex, that is, h is a plurisubharmonic function. Then the maximum 
principle implies that h(f e (0)) < max h(f e (X)) < 1 which means that 

fe(0)ED. 



s 
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Assuming now that lim c £ ^ and having in mind that c £ is 

bounded, we may find c 7^ such that 

f ai + bi a 2 + b 2 , . %2 „ „\ -ft 
m= f _-^ ) _-_ + c (a 1 -6 1 ) 2 ,0,...,0j ED 



for any a, b E G 2 x {0}. Taking a = e^sW+T)^ ai = a + 1 ; fl2 = a? 

61 = a — 1, &2 = w e obtain that 1 > hi(m) = — — — which 

is impossible. 

Thus, lim / e (0) = — — E D for any a,kG 2 x {0}, that is, G 2 is 

a convex domain, a contradiction (for example, (2, 1), (2i, —1) E <9G2? 
but (l + i,0) 

□ 
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